Every partition has, for some d, a Durfee square of side d. Every partition π with Durfee square of side d gives rise to a "successive rank vector" r = (r 1 , · · · , r d ).
Introduction
Every partition has, for some d, a Durfee square of side d. Every partition π with Durfee square of side d gives rise to a "successive rank vector" (r 1 , · · · , r d ). Here r k = x k − y k where x k is the k'th largest part of π and y k is the k'th largest part of π c (the conjugate partition of π).
Conversely, given a vector r = (r 1 , · · · , r d ), there is a unique partition π 0 of minimal size (the size |π| of the partition π is the sum of its parts) called the basis partition with r as its successive rank vector. For example, the partition 3+2 is the basis partition for the vector r = (1, 0), while the partition 2+2+1 is the basis partition for the vector r = (−1, 0). Indeed, of the seven partitions of 5, four are basis partitions, the two above and the partitions 5 and 1+1+1+1+1. If we let b(n, d) denote the number of basic partitions of n with Durfee square side d then b(5, 2) = 2, b(5, 1) = 2. The authors of [1] show that
.
We shall give a somewhat more direct proof of (1), and show that it yields the following result.
where the sum is taken over all Rogers-Ramanujan partitions of n into d parts, that is, all partitions of n,
and where ν(π) is the number of 'gaps' in π which are bigger than they need be, that is, the number of inequalities in (3) which are strict.
Thus, for example, the only Rogers-Ramanujan partition of 5 into 2 parts is π = 4 + 1, ν(π) = 1, and b(5, 2) = 2.
Proof of the generating function result
We prove (1). Given a vector r = (r 1 , · · · , r d ) we can give a description of all partitions π with Durfee square side d and with successive rank vector r. The basis partition is determined by
Any partition π with Durfee square side d and successive rank vector r has
where e 1 ≥ e 2 ≥ · · · e d ≥ 0 (e stands for "excess") and |π| = |π 0 | + 2e 1 + · · · + 2e d .
In other words, every partition π with Durfee square side d corresponds uniquely to a basis partition π 0 together with a partition of |π| − |π 0 | into at most d even parts, or what is the same thing, even parts at most 2d. Thus
since the product on the left generates partitions into even parts at most 2d and the product on the right generates all partitions with Durfee square side d.
The weighted partition formula
where the sum is taken over all partitions π into parts at most d, and ν is the number of different parts in π.
We show that this yields the desired result (2) as follows. We start by placing the d 2 = 1+3+ · · · +(2d−1) dots in d rows in decreasing order, justified to the right. We then place columns of dots to the right of the triangle, corresponding to the parts of π in decreasing order. We then justify the entire diagram to the left. This gives a Rogers-Ramanujan partition into d parts with precisely ν gaps bigger than they need be.
